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Part I: Zero Mean Flow
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ABSTRACT

The S-effect on tropical cyclone motion is studied using an analytical as well as a numerical model in a
nondivergent barotropic framework. The analytical model and the linear version of the numerical model give
essentially the same result: the linear S-effect cauises a westward stretching of the model vortex but no significant
movement of the vortex center. An east-west asymmetry in the meridional wind field is also created. It is the
inclusion of the nonlinear term that produces the northwestward movement of the vortex previously found by
other investigators (e.g., Kitade, 1981). This northwestward movement increases with both the maximum wind
speed and the radius of maximum wind in a constant-shape vortex. A wind maximum is also found to the
northeast of the vortex, which appears to be consistent with the observational findings of Shea and Gray. This
asymmetry plays an important role in the vortex motion. '

1. Introduction

The study of the effect of the earth’s rotation on the
movement of a tropical cyclone dates back to the work
of Rossby (1939, 1948). Since then, a number of theo-
retical and numerical studies have been conducted to
examine this effect (see the review in Chan, 1982).
Rossby suggested that the larger Coriolis force on the
poleward side of a symmetric cyclonic vortex would
produce a net force which would cause the cyclone to
move poleward. On the other hand, Adem and Lezama
(1960) and later Anthes and Hoke (1975) and others
proposed that differential advection of the earth’s vor-
ticity to the west and east of the cyclone would cause
it to move initially westward. A secondary circulation
(in the horizontal) is then set up which advects the
vortex northward (Holland, 1983). As a result, the cy-
clone tends to move towards the northwest. This has
become known as the g-effect.

However, some questions regarding the physical
processes associated with this main effect remain. For
example, what is the mechanism that sets up the sec-
ondary circulation? How do the linear and nonlinear
processes contribute to the movement of the cyclone?
Is the B-effect independent of the intensity of the vor-
tex? This study attempts to address these questions by
solving the nondivergent barotropic vorticity equation.
The numerical results of DeMaria (1983, 1985) suggest
that cyclone movement is rather insensitive to the in-
tensity of the cyclone. However, his results were ob-
tained with the cyclone embedded in a basic flow. Ex-

* Present affiliation: Royal Observatory, Hong Kong.

clusion of any mean flow in this study will allow reex-
amination of the sensitivity of the cyclone movement
to its intensity due to the beta effect. In Part II, the
interaction between the vortex flow and different mean
flows will be analyzed.

A simple analytical solution of the nondivergent
barotropic vorticity equation is first sought to deter-
mine the effect of linear processes on the vortex move-
ment. This effect is also demonstrated with a finite-
difference numerical model, which indicates that the
finite difference resolution is adequate to resolve the
physical processes on the vortex scale. The numerical
model is then used to study the nonlinear terms which
cannot be easily included in the analytical model. Im-
plications of these results on our understanding of the
effect of the Coriolis parameter on both the motion
and structure of the vortex will also be discussed.

2. Analytical model
a. Formulation

The nondivergent barotropic model used in this
study can be formulated in terms of the conservation
of absolute vorticity. The governing equation is
a—§+V‘»'V($“+f)=0,
ot
where ¢{ is the vertical component of the relative vor-
ticity, V, the nondivergent wind vector, and fthe Co-
riolis parameter. A streamfunction y can be defined
such that

V=1

2.1

(2.2)



1258

The linearized version of (2.1) with no mean flow on
an equatorial beta plane can then be written

Py 02!# Sy
ot (6x ) ﬂ _0

where 8 is the latitudinal variation of the Coriolis pa-
rameter.

Assuming periodic boundary conditions in both the
x and y directions, the Fourier transform of (2.3) gives

(2.3)

ov ikB
—_— = 4
ot (k2+12)\1, o (2.4)
where
2T 27 ]
Y(k,1,0)= f Wx, y, De ™ Wdxdy,  (2.5)
0o Jo

and k, / are the wavenumbers in the x and y directions,
respectively. If the function ¥ is separable in time and
the temporal part is oscillatory, then it can be written
as .

W(k,1,6)=Ak, e ™. (2.6)
Substituting (2.6) into (2.4) yields
Ak, )= Y¥(k,1,0) 2.7
and
kB
W= (2.8)

The streamfunction at any time ¢ is then given by the
inverse transform of ¥(k, [, ) as

Voo 3,0 = 3= 5 Al e 0 (2.9)
k 1

“Given the initial conditions ¥(x, y, 0), we can then
solve for Y(x, y, ) using (2.5) and (2.7)-(2.9). Note that
since the wavenumber / in the y-direction only appears
as /2 in (2.8), the solution will be symmetric about the
X-axis.

The cyclonic vortex used in this part of the study
has a tangential wind V(r) profile of

)

where r is the radius, V,, the value of V(r) at the radius
of maximum wind r,, and b is a factor that determines
the shape of the vortex. Examples of this profile can
be found in Fig. 1 for different values of V,,. The cor-
responding vorticity ({) profile is given by

-2 -A o]

One method to initialize the model just described is
to solve for ¢ from (2.2) and (2.11). However, a simpler
method is to use the {(r) profile directly by first noting
the equality
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FIG. 1. Tangential wind profiles as defined in (2.10)
for different values of V,,.
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2r P27
Ak, 1) = B f £0x, v, 0)e" W dxdy.

2.12)

The streamfunction at any time ¢ is then obtained by
solving (2.9), with the spectral amplitude A(k, /) of the
initial conditions given by (2.12). In the following, so-
lutions of (2.9) using a grid size of 20 km and 101 grid

(k2

" points in both the x and y directions will be presented.

Beta is evaluated at 10° latitude.

b. Results

The streamfunction fields at selected times for a vor-
tex given by (2.10) with V,,, =40 m s}, r,, = 100 km
and b = 1.0 are shown in Fig. 2. The vortex is seen to
elongate westward with time as a result of the dispersive
effects of Rossby waves. The dispersion relation given
by (2.8) implies that longer waves have larger westward
phase speeds than shorter waves. Since the waves rep-
resenting the outer circuldtion have lower wavenum-
bers than those representing the inner circulation, the
outer part of the vortex propagates westward faster than
the inner part, which results in a stretching of the vortex
westward. Such a dispersion of linear Rossby waves
has also been studied for ocean vortices (e.g., Flierl,
1977; McWilliams and Flierl, 1979 Mied and Linde-
mann, 1979).

The time variations of the relative vorticity fields are
similar to those of the streamfunction and therefore
will not be shown. However, it must be noted that in
solving for { from (2.2) and (2.9), the amplitudes of
the spectral coeflicients A(k, /) are reduced by a factor
(k* + I%) so that the westward propagation of shorter
waves (representing the inner circulation) will be fur-
ther decreased. As a result, even though the y and ¢
fields are initially concentric, the B-effect produces-an
intersection of the two fields, as illustrated in Fig. 3.
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FIG. 2. Streamfunction fields () at 0, 36 and 72 h for the analytical model using
the vortex profile in (2.10) with V,, =40 m s™", r,, = 100 km and b = 1.0. The contour

interval is 0.2 X 10° m? s,

Notice that the intersection of the y and ¢ isolines oc-
curs near the center of the vortex where not much
movement of the vorticity maximum occurs. Since the
streamfunction represents the flow field, such an in-
tersection between the two fields becomes important
when the effect of relative vorticity advection (not con-
sidered in this formulation) is included.

The asymmetry in the ¥ field (Fig. 2) also implies
an asymmetry in the wind fields. Since the stream-
function is symmetric about the x-axis, the wind asym-
metry is only in the meridional (v) component (Fig. 4)
and results in a wind maximum to the east of the vor-
tex. Note also that the speed differential between the
east and west sides of the vortex increases with time.

The large east-west wind asymmetry may be ex-
plained as follows. Advection of the earth vorticity
produces an increase (decrease) in relative cyclonic
vorticity to the west (east) of the vortex. Since the gov-
erning equation (2.3) implicitly assumes an instanta-

neous adjustment of the winds, these changes in relative
vorticity will increase the southerly flow near, and
northerly flow at distances both east and west of, the
vortex center. This southerly flow was first identified
by Anthes and Hoke (1975) and termed the “secondary
circulation” by Holland (1983). Because the winds are

. initially northerly to the west and southerly to the east

of the vortex, this secondary circulation will produce
an east-west asymmetry in the v-component. As only
linear effects are included in the model, this asymmetry
cannot be removed through self-advective (nonlinear)
processes. At the same time, the increase in southerly
flow further decreases the relative vorticity near and
to the east of center through the advection of the earth’s
vorticity. The asymmetry in the wind field therefore
increases with time.

If the rate of decay of the tangential wind with radius
is decreased (that is, the value of b is reduced in Eq.
2.10), the center of the vortex (where the stream func-

Y~DISTANCE (*100 km)

_—1"

1.0
rn, =100 km

v, =40 ms”

-5 -1 =05 O 0.5

X~DISTANCE (*100 k)

FIG. 3. As in Fig. 2 except-for the streamfunction (solid, 10° m s~') and relative
vorticity (dashed, 107° s7*) fields at 36 h.
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FI1G. 4. Meridional (v) wind component at 0, 36 and 72 h derived from the solutions
in Fig. 2. The contour interval is 10 m s™'.
tion is a minimum) is found to have a slightly larger v=0 at y=zxD, 3.2)

westward displacement (not shown). This results from
the longer waves associated with a larger vortex having
a larger amplitude so that the westward phase speed is
enhanced. For the same reason, a constant-shape vortex
with a larger radius of maximum wind (r,, in Eq. 2.10)
will move westward faster than one with a smaller 7,,.
However, varying the magnitude of the maximum
wind (V,,,) does not have an effect on the vortex move-
ment. An increase in the value of V,, simply increases
the amplitudes of the spectral coefficients A(k, /) by
the same amount for all wavenumbers (see Eq. 2.12).
This results in the values of ¥(x, y, t) obtained: by solving
(2.9) being multiplied by a larger factor but the location
of the relative minimum in the streamfunctxon remains
unchanged.

To summarize, the linear S-effect elongates a sym-
metric vortex westward with very little displacement
of the center of the vortex (as given by the maximum
of relative vorticity or minimum in streamfunction).
The wind field also becomes highly asymmetric in the
east-west direction with stronger (weaker) winds to the
east (west).

" 3. The numerical model

a. Formulation

The nondivergent barotropic model developed by
Tupaz (1977) to study barotropic instabilities associated
with an easterly jet (Tupaz et al., 1978) is utilized. The
governing equation with no mean flow can be written

as
9 N
=V =-J, V) — B—, 3.1
= V= —J, V)~ B~ 3.1)
where the symbols are as in section 2. The Jacobian
J(¥, VX)) represents the nonlinear effect that is excluded
in section 2. The domain is an east-west channel with
cyclic boundary conditions in the zonal direction. That

is,

where the meridional domain is defined by
-D<y<D. '

Eq. (3.1) is solved using the leapfrog time-differenc-
ing scheme. The Jacobian is evaluated using the finite
difference form developed by Arakawa (1966). At the
north-south boundaries, the values of V% are extrap-
olated from the first interior points. The direct method
described by Sweet (1973) is used to solve for dy/d¢ in
(3.1) and to derive the initial streamfunction field from -
the vorticity profile defined in (2.11).

The linear [with J(¥, V*{) set to zero] solutions to
(3.1) are found to be very similar to those from the
analytical model. The similarity of the results from the
two models provides an indication that the truncation
errors in the numerical solutions are small.

b. Results

The nonlinear solutions to (3.1) for the same vortex
used in section 2 are shown in Fig. 5. Contrary to the
linear solution (Fig. 2), the inner part of the vortex
remains rather symmetric. At the same time, the outer
part of the vortex maintains a westward stretching as
a result of the linear B-effect. The vortex center is now
displaced to the northwest. An acceleration in the
movement of the vortex can also be identified from its
track (Fig. 6), with its translation speed increasing from
0.8 m s~ in the first 12 h to 2.8 m s™! by 60 h. Notice
also a slight oscillation in the vortex track.

Such a northwestward displacement and acceleratlon
of the vortex as well as the oscillation in the track are
consistent with results obtained by other researchers
(e.g., Kitade, 1981). This movement can be explained
by considering the east-west asymmetry induced by
the B-effect discussed in section 2. Since the nonlinear
term (advection of vortex vorticity) is now included,
the crossing of the ¢ and { isolines shown in Fig. 3
implies an advection of the vortex vorticity by the
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FIG. 5. As in Fig. 2 except for the nonlinear numerical simulations.
The contour interval is 0.1 X 10° m?s™".

asymmetric flow represented by the streamfunction .
This advection leads to an increase of vorticity to the
north of the vortex and a decrease to the south. These
changes in vorticity depend on the crossing angle be-
tween the ¢ and {isolines. Near the vortex center, the
crossing angle and the speed are large and thus a strong
advective (nonlinear) effect results. In the outer region,
the two fields do not intersect significantly so that this
part of the vortex continues its westward elongation
while the inner region moves northward. Consequently,
the asymmetry in the streamfunction field is no longer
east—west but rather along a southwest-northeast di-
rection (Fig. 5).

The physical explanation given here of the north-
westward vortex displacement due to the B-effect is
somewhat different from that schematically portrayed
by Holland (1983). According to Holland (1983), the
vortex first moves west due to the beta effect. Then the
vorticity changes lead to a secondary circulation which
is directed to the north over the vortex center, which
combined with the beta effect causes the vortex to move
1o the northwest. In the present study the early north-
ward motion is caused by relative vorticity advection
which results from the Rossby wave distortion of the
vortex. At a later stage when the wind asymmetry is
developed (Fig. 7), the asymmetry has associated with
it a flow component across the center in the direction
of movement. This is generally consistent with Hol-
land’s view of the role of the secondary circulation.

Because of the orientation of the streamfunction
asymmetry (Fig. 5), the maximum wind speed is now
to the northeast of the vortex (Fig. 7). Notice also an
oscillation of the 40 m s™! isotach around the north-
eastern quadrant of the vortex. The maximum wind
increases from 41.6 m s~ at 12 h to 43.5 m s™! at 48
h. If the translation speed is subtracted, a residual
asymmetry still remains. Therefore, this wind asym-
metry cannot be explained simply by the translation
of the vortex. Adjustments of the wind field to the in-
crease in relative vorticity to the northwest of the vortex
(due to the nonlinear effect) tends to produce a wind
maximum in this region but the (linear) 3-effect induces

a wind maximum to the east of the vortex. A combi-
nation of these two effects therefore causes a continuous
adjustment between the ¢ and ¢ fields, which leads to
the wind asymmetry and the associated oscillations.
The oscillation in the vortex track can also be explained
in a similar manner as the vortex tries to move along

~ a “constant phase” line which balances the linear and

the nonlinear effects. Part of this oscillation may be
due to difficulty in finding the center between grid
points, but the increase in speed is well defined.

The existence of an asymmetry in the tangential
winds in tropical cyclones after the motion of the cy-
clone is removed has been observed by several re-
searchers (e.g., Jordan, et al., 1960; Shea and Gray,
1973; George and Gray, 1976). The asymmetry is usu-
ally to the right of the cyclone (facing downstream along
the direction of cyclone motion). Most tropical cy-
clones (in the Northern Hemisphere) move westward
or northwestward. Thus, this asymmetry would be in
the northeast quadrant, which is consistent with the
numerical result presented here. Therefore, the com-
bination of the beta (linear) and the nonlinear effects
may offer an explanation of such an observed asym-
metry.

To summarize, it is the combination of the linear
and nonlinear effects that leads to a northwestward
displacement of the vortex. The continuous distortion
of the streamfunction and relative vorticity fields by
the B-effect causes an adjustment between these two
fields to occur when nonlinear (horizontal advection
of vortex vorticity) effects are included. A modification
of either effect will therefore lead to a change in the
vortex movement, as will be seen in section 4.

4. Sensitivity tests with vortex strength and scale

In this Section, results are presented from integra-
tions with different values of r,, and V,, in the initial
vortex (2.10), but with the original value b = 1. The
following grid sizes are used for each value of the radius
of maximum wind: 7,, = 50 km, Ax = Ay = 10 km;
rm = 100 km, Ax = Ay = 20 km; r,, = 200 km and
Ax = Ay = 40 km. All experiments use a domain size
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FIG. 6. The 0-72 h track of the vortex with r,, = 100 km, V,, = 40 m s™..
The symbols along the track are 12 h apart.

of 201 X 201 which insures that the boundaries do not
affect even the fastest moving vortex over 72 hours. In
each experiment the form of the vortex trajectory is
similar to that shown in Fig. 6 for r,, = 100 km and
V,, = 40 m s™'. All results presented in this section are
averages from ¢ = 48 hours to t = 72 hours. The di-
rections of motion for the various experiments are given
in Table 1. They have a monotonic variation from
315° to 335°. For a fixed r,,,, the angle increases with
increasing V,,, and the angle decreases for increasing
r» when V,, is fixed. The curves in Fig. 8 give the speed
of movement as a function of V,, for each of the three

values of r,,. The curves imply a linear behavior as a
function of V,, for V,, < 20 m s!, but note that the
curves do not extrapolate to the origin as V,,, = 0. This
may be related to the vastly different structure type in
the highly distorted Rossby wave solution (V,, = 0) as
compared with the nearly circular solution when V,,
is small, but not zero. This strongly suggests that one
cannot get the proper solution by expanding about the
linear solution. Figure 9 contains movement curves as
a function of r,, for three values of V,,. In this case,
the portions of the curves which satisfy r,,, < 100 km
do appear to extrapolate to zero as r,, —> 0. Figure 10
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FIG. 7. Isotachs derived from the nonlinear numerical simulation given
in Fig. 5. The contour interval is 10 m 57!,
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TABLE 1. Directions of movement averaged from 48 to
72 h for each experiment.

N

V,, (ms™h Tm (km)
50 100 200

25 321.1°

5.0 321.7°
10.0 330.3° 324.8° 314.4°
20.0 332.2° 328.9° 318.6°
40.0 333.9° 329.3° 325.9°

80.0 334.1°

contains contours of the speed of movement as a func-
tion of r,, and V,,,. The curves are roughly hyperbolic,
which would be expected since the curves in Figs. 8
and 9 have approximately linear variations.

These results show that the speed of movement of
the vortex increases with V,, and r,,, although the di-
rection changes only slowly. If the “angular momen-
tum®, r,,V,,, is held constant in Fig. 10, it can be seen
that the speed of movement is nearly constant (since
the isolines in Fig. 10 are nearly hyperbolas). This sug-
gests that a tropical cyclone track would be unaffected
by changes in intensity provided that r,,V,, were con-
served. Holland (1984) states that “no track changes
accompany oscillations in central pressure or maxi-
mum winds in hurricanes”. However, it is not known
whether or not r,,V,, is conserved in these cases. Our
solutions (see especially Fig. 9) indicate that the winds
in the outer region have more influence on the vortex
motion than winds closer to the center. In fact DeMaria
(results presented by Holland, 1984) showed that in-
creasing the wind in the inner part of the vortex (r
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< 100 km) had no effect on vortex motion while
changes in the outer region had a direct effect. DeMaria
(1983, 1985) found similar results in a model which
included horizontal wind shear as well as the beta effect.

5. Discussion and conclusion

The results from this study can be summarized as
follows. The linear p-effect, though incapable of sig-
nificantly displacing the central core of the vortex, pro-
vides a necessary environment for vortex movement.
It creates an east-west asymmetry in the meridional
wind field which then interacts with the vortex vorticity
when nonlinear effects are included. Advection of the
vortex vorticity then gives rise to a northwestward dis-
placement of the vortex. This nonlinear process de-
pends on the strength of the meridional wind field cre-
ated by the linear effect and the relative vorticity gra-
dient within the vortex. An increase in the tangential
winds at all radii causes an increase in the northwest-
ward movement although the linear S-effect remains
unchanged. Increasing the size of the vortex with the
shape held fixed enhances the meridional flow through
the linear dispersion of Rossby waves and leads to a
larger northwestward displacement. The solutions show
that the speed of movement is nearly constant for vor-

_tices which have the same characteristic “angular mo-

mentum” r,,V,,. The results of this paper agree with
the previous conclusion (Holland, 1983, 1984 and
DeMaria, 1983, 1985) that the vortex motion is insen-
sitive to the wind structure in the inner region.
Another consequence of the combination of the
(linear) G-effect and the nonlinear effect is the creation
of a wind maximum to the northeast of the vortex. It

i
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40

50 60 70 80

Vm

FiG. 8. The speed of movement ¥ (m s™!) as a function of ¥,, (m s™)
for three values of 7,, (km).
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appears that this asymmetry plays an important role
in the vortex motion. Such an across-the-vortex wind
asymmetry has been found from aircraft observations
of hurricanes (Shea and Gray, 1973). The S-effect may
therefore offer an explananon of this observed asym-
metry.,

From the fluid dynamical point of view, this study
shows how dispersion (linear) and vorticity advection
(nonlinear) effects can combine to move the vorticity
center even though neither process can significantly
move the vortex by itself. It is very important to obtain
a more complete understanding of this process.

No mean flow is included in these experiments in
order to isolate the B-effect. As is discussed in section
4, incorporation of a basic flow significantly compli-
cates the problem. DeMaria (1985) has pointed out the
importance of the vorticity gradient associated with
the basic flow. The linear advection of the vortex by a
spatially nonuniform basic flow will also modify the
vortex movement. In addition, the dispersion of Rossby
waves can occur with this basic flow. Nonlinear inter-
actions between the vortex circulation and the basic
flow can also alter the movement of the vortex. All
these effects will be presented in Part II of this study.
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